Abstract. According to Anderson ( A], pag. 54) "the equivalent of BCS theory for a fully spin-charge separated Luttinger liquid has not been formally worked out". We consider a model for two one dimensional spinning Luttinger liquids coupled via a Cooper tunnelling hamiltonian. We show that the partition function is the four dimensional integral of an exponential whose exponent has an extremal point obtained solving an anomalous non-BCS self-consistence equation. If the extremal point is a global minimum the model is completely solved by the saddle point theorem and the anomalous gap generation is proved. We nd that the Luttinger interaction enhances strongly T c if the intrachain Luttinger interaction is much bigger than the interchain interaction.
In the above formulas a k;!; ;i are fermionic crehation and annihilation operators with momentum k 2 T 1 , if T 1 is the one dimensional torus, k = 2 n L , n 2 Z; ? L 2 ] n L?1 2 ]; ! = 1 is the quasi-particle index and = 1=2 is the spin index. Physically this means that the fermions are supposed to be in a one dimensional lattice (chain) with reticular step equal to 1 (which acts as an ultraviolet cut-o ) and length L; periodic boundary conditions are imposed on the fermionic operators. It holds that fa "1 k1;!1; 1 ;i1 a ?"2 k2;!2; 2 ;i2 g = L "1;"2 1 ; 2 !1;!2 i1;i2 k1;k2
We choose p F = 2 L (n F + 1 2 ).
The hamiltonian H i is very close to the Mattis Hamiltonian Ma], the only di erence being a nite reticular step (the fermions in the Mattis hamiltonian are on the continuum).
Supported by MURST, Italy, and EC HCM contract number CHRX-CT94-0460. The hamiltonian H t ab describes the tunnelling of a Cooper pair from one chain to the other, while H s ab describes the transferring of spins from one chain to the other. The rst process is usually called pair hopping and the second one superexchange. 1) the conduction electrons are on layers; 2)the interaction between electrons in the same layer is much stronger than the interlayer interaction;
3) the normal state of the electrons on the layers is described by a Luttinger liquid; 4) the relevant interlayer interactions are the pair-hopping and the superexchange (see pag. 51 of A]) similar to (1.3), (1.4).
One di culty in this theory is that there is no proof of Luttinger liquid behaviour in bidimensional interacting fermions. As the only models showing a Luttinger liquid behaviour are one-dimensional, a natural starting point to make quantitative the above theory is to consider two coupled one dimensional Luttinger liquids (instead of bidimensional Luttinger liquids) i.e. a model like (1.1).
Other theories for High-T c superconductivity stress the importance of phase separation with the formation of stripes in the cuprates. Such stripes are described as one dimensional Fermi systems (hence Luttinger liquids) and the relevant mechanism for superconductivity is the pair tunnelling between chains (instead of planes, like in Anderson theory), see for instance BVPS] , CG] and references therein. The idea is indeed close to Anderson theory, i.e. Luttinger liquids exchanging Cooper pairs, with the Luttinger interaction stronger than the pairing interaction. The model (1.1) of course applies to this theory. Barden Approximation. By the above considerations it is clear that by a fermionic Renormalization Group analysis, in which one has the convergence of the Beta function if the running coupling constants are small enough, one cannot get the limit of zero temperatures as some of the running coupling constants increase with jhj. This is also what happens in the standard BCS superconductivity in d 2 in which fermionic Renormalization Group analysis fails at low temperatures. In FMRT] a program devoted to the rigorous study of the d = 2 BCS theory was started; the idea is to study the model by a fermionic RG in the high temperature region, and in the small temperature region to pass to bosonic variables, studing the corresponding theory by cluster expansion techniques. However results are until now obtained only for temperatures much larger then the critical temperature.
So we are forced, by the mathematical complexity of the problem, to simplify the model in order to get a more tractable one. The analogy with BCS theory suggests the simpli cation we need. In the Baarden approximation BR] for the BCS superconductivity one replaces the original hamiltonian with a simpler one which is still quartic in the elds but the interaction is given by the product of a crehation and an annihilation operator of a Cooper pair. The spontaneous gap generation can be proved in this case in a rigorous way (see the "classical" BR] and the recent L] for a detailed proof). Note that the results do not always coincide with the results obtained via a mean eld approximation, L]. We introduce a linear functional P(da) on the generated Grassmanian algebra, such that The ultraviolet cuto M on the k 0 variable is introduced in order to give a precise meaning to the Grassmanian integration, but it does not play any essential role in this paper, since 21=dicembre=1999; 13:39 all bounds will be uniform with respect to M and they easily imply the existence of the limit. Hence, we shall not stress anymore the dependence on M of the various quantities we shall study. The term h r represents the interaction with an external eld and the parameter r is real and positive (for xing ideas).
Note that Z L; ;r would be proportional to the partition function of the model with hamiltonian H a + H b +H t ab only if in (2.5) the limit a 0 ! 1 is taken. We do not consider such limit i.e. we study (2.5) with a 0 nite. This corresponds to consider a slightly di erent model which is de ned directly in terms of Grassman variables. The study of the limit a 0 ! 1 is technically trivial, due to the fact the jkj ( the fermions are on a lattice), and it will be not discussed.
The two point Schwinger function is de ned by S "1;"2 !1;!2;i (k 1 ; k 2 ) = R P a (da)P b (da)e ?Va?V b ?V ab ?hr a "1 k1;!1; 1;i a "2 k2;!2; 2 ;i R P a (da)P b (da)e ?Va?V b ?V ab ?hr (2:7)
We will nd convenient to measure k from the fermi surface i.e. a k;!; ;i = a k 0 +!pF ;!; ;i = k 0 ;!; ;i .
2.3
Hubbard-Stratanovich transformation. It is convenient to write the interaction in terms of gaussian variables. We write (2:11)
The partition function is then written as the (four dimensional) integral of the exponential e ? LH L; ;r ;g (ṽ) . Note that if we had considered the model with interaction (1.3) the analogue of (2.10) would be an integral over O (L) If we can prove that H ;r ;g (ṽ) has a global minimum the model is solved; all the Schwinger functions can be computed using (2.12) and, ifṽ 6 = 0, there is a spontaneous gap generation.
So the problem is reduced to the computation of H ;r ;g (ṽ) and to the determination of its global minimum. However H ;r ;g (ṽ) is given by the Grassmanian integral (2.11) which is not quadratic in the grassman variables and it is non trivial to compute, especially in the >> g t 0 case. One has to take into account the interaction V a + V b which is responsible in the g t 0 = 0 case of the Luttinger liquid behaviour of the model. So before discussing the general case, let we consider the simpler = 0 case.
2.4
The non interacting case. If V a + V b = 0 we have that H L; ;r ;g (ṽ) can be explicitely computed. Of course there is no hope to study (2.11) perturbatively, even in the = 0 case, expanding the exponential in series and computing the various terms via (2.3). Rather we consider a new gaussian Grassmanian measurẽ It is easy to study the measure (2.13) as it is quadratic in the grassman variables and the quadratic form can be diagonalized. Such diagonalization is the "Bogolubov transformation" in this functional integral formalism. So we can write, in the = 0 case,
where There are two non trivial solutions of (2.16) if is large enough and L ! 1 , one positive and the other one negative; they correspond to minima of H ;r ;g (ṽ) with v 1 = v 2 ; u 1 = u 2 , but they are not degenerate (if r 6 = 0) and the value of H ;r ;g (ṽ) in correspondence of the negative solution of the second of (2.15) is smaller than the one in correspondence of the positive M3, BeM] . In these models the gap (or mass) has a non trivial ow so that one has to perform a Bogolubov transformation at each RG iteration, and the e ect is that the dependence of the l.h.s. side of (3.2) from u is dramatically modi ed by the Luttinger interaction. There is however an important di erence. While in the above models the interactions renormalizes the Fermi momentum and in order to have a well de ned expansion one has to add a counterterm in the hamiltonian renormalizing the chemical potential, here on the contrary there is no necessity of renormalizing the chemical potential. This is quite important as the counterterm would depend onṽ and its presence would make the computation of the extremal point much more di cult, or even impossible.
It is not easy to solve (3.4) in general so we solve it in two limiting cases.
3.4
Corollary. There exist " and K < 1 such that, if The above corollary tells us that we have found two extremal points for the function H ;r ;g (ṽ) de ned (2.10). The proof that one of such points is indeed a global minimum for H ;r ;g (ṽ) would allow us to compute the Schwinger functions like (2.7) by (2.12). The proof that such points are really local minima seems not di cult; the problem is to prove that one of such points is indeed a global minimum. Looking at the computation of the following sections it will be clear that our expansions are local as they are de ned in a neighborood of v 1 = v 2 , u 1 = u 2 and one cannot exclude the possibility that there are also other extremal points with v 1 6 = v 2 and u 1 6 = u 2 . The corollary holds in the limit ! 1; it would be easy to show that there is a non trivial solution for eq. The conclusion seems quite interesting from a physical point of view: in a superconductor whose normal state is a Luttinger liquid the critical temperature is much higher than what predicted by the BCS-theory, if g 2 >> 1.
3.6
In A] it was considered in the mean eld approximation a model of two Luttinger liquids coupled by (1.8). The BCS equation was not formally worked out, but it was guessed replacing the free fermionic propagator with the Mattis propagator , obtained from the exact solution of the Mattis model (see A], pag.213 eq. (12)). More exactly it was guessed 21=dicembre=1999; 13:39 an expression similar to (6.4) below, but in A] h ' gu ?( 1 +::)h in (6.4) is replaced by gu i.e. the anomalous ow of the BCS gap is neglected. Such e ect is on the other hand crucial for our analysis as it is this anomalous enlarging of the gap due to the Luttinger interaction which produces an expression for the gap and the critical temperature so di erent with respect to the standard BCS one (see also M1] The next sections are devoted to the proof of theorem (3.2). The proof uses many technical results already present in the literature (up to trivial modi cations) so we do not repeat such proofs but we simply refer to previous works.
Multiscale decomposition and anomalous integration 4.1
In this section we discuss the fermionic integration We assume (as we are interested in the di erentiability in a small neighborood of v ) that 2 = 1 + 21=dicembre=1999; 13:39 with j j j 1 j 2 2 (4:3) We study the integral (4.1); the integral (4.2) can be obtained from the expression for (4.1) simply replacing 1 with 2 .
4.2
The Grassman integral (4.1) is computed in terms of a multiscale expansion of the gaussian integration, by using the methods introduced in BG] . We decompose the Grassmanian integration P(d ) into a nite product of independent integrations: The evalutation of the Grassman integral is done integrating one scale a time. Note that the operator L veri es the condition (1 ? L)L = 0. We can write LV (h) in the following way, by using the anticommuting properties of the Grassmanian variables.
(4:19) where . This remark will be crucial for studying the Renormalization group ow, see x4.
4.5
We now rescale the eld so that 4:42) it follows that The function~ (ṽ h+1 ; :::;ṽ 0 ) is called Beta function. Let us explain the main motivations of the integration procedure discussed above. In a renormalization group approach one has to identify the relevant, marginal and irrelevant interactions. By a power counting argument one sees that the terms bilinear in the elds are relevant and the quartic terms (or the bilinear ones with a derivative respect to some coordinate acting on the elds) are marginal. However there are many kinds of marginal terms, depending on the labels ! i and i of each elds, so that their renormalization group ow seems impossible to study. However the power counting can be improved and many marginal terms are indeed irrelevant; in particular all the marginal terms with four or two elds with The relevant terms are of two kinds; the terms, re ecting the renormalization of the Fermi momentum, and the terms, related to the presence of a gap in the spectrum. One can naively think to perform a Bogolubov transformation, so considering as free propagator a propagator corresponding to a theory with a gap O(gj j) at the Fermi surface. This is however not possible as the gap is deeply renormalized by the interaction and one has to perform di erent Bogolubov transformations at each integration. In fact h is a sort of "mass terms" with a non trivial renormalization group ow.
Regarding the marginal terms, there is an anomalous wave function renormalization which one has to take into account, what is expected as if g = 0 the theory is a Luttinger liquid.
In general the ow of the marginal terms can be controlled using some cancellations due to the fact that the Beta function is "close" to the Mattis model Beta function. We write the propagator as the Mattis model propagator plus a remainder, so that the Beta function is equal to the Mattis model Beta function plus a "remainder" which is small if j h j ?h is small. These ideas are the same applied in the XY Z chain and we defer to M3,BeM] for more details.
4.8
The integration of the scale from h to h can be performed "in a single step" Comparing Lemma 4.6 and Lemma 4.9 we see that the propagator of the integration of all the scale between h and h L; has the same bound as the propagator of the integration of a single scale greater than h ; this will be used to perform the integration of all the scales h in a single step. In fact h is a momentum scale and, roughly speaking, for momenta bigger than h the theory is "essentially" a massless theory (up to O( h ?h ) terms) while for momenta smaller than h is a "massive" theory with mass O( h ).
4.11
The following theorem holds: The above theorem is the main non perturbative result we use in this paper. We refer to M3], BeM] for a proof of it in the case of the XY Z-model; the adaptation of such proof to this case is trivial, the only unessential di erences are the presence of the spin (which adds one more degree of freedom to the Grassman variables) and the fact that 6 = 0 (also unessential by (4.3)). with i = ; ; ; . In Lemma (4.4) we have seen that it is possible to decompose the propagator in a "Mattis propagator", indipendent on h plus a correction admitting the same bounds but with a factor j h j ?h more. Proof. We proceed by induction. Assume that the above inequalities hold for any k h and we prove them for h ? 1. if C 1 is a suitable constant. which immediately implies (5.13) with h ! h + 1. 5.4 Note that the ow of h is bounded without putting a countentertem to x the Fermi momentum. This is crucial; in fact the counterterm could depend on , and it is meaningless to add to the free hamiltonian a -dependent counterterm. where the rst term is given by (4.32) and the second term is given by an expansion similar to the one for the e ective potential and such that j S h j C j h j Z h (6:5) 21=dicembre=1999; 13:39
If v = 0, u = and = 0 the imaginary part of (6.4) is vanishing (this follows noting that the imaginary part of h is vanishing). We can write the rst addend in (6.4) as Moreover from lemma (5.2) the second addend of (6.6) is bounded by C(g )( jg j A ) ? From the second addend of (6.4) using (6.5) one nds and this completes the proof of the theorem.
